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Abstract. For a Dirac operator Dg over a spin compact Riemannian manifold with bound- 
ary (X,g), we give a natural construction of the Calderon projector and of the associated 
Bergman projector on the space of harmonic spinors on X, and we analyze their Schwartz 
kernels. Our approach is based on the conformal covariance of Dg and the scattering theory 
for the Dirac operator associated to the complete conformal metric g = ~g/p 2 where p is a 
smooth function on X which equals the distance to the boundary near dX. We show that 
i (Id + S(0)) is the orthogonal Calderon projector, where S(X) is the holomorphic family in 
{K(A) > 0} of normalized scattering operators constructed in [25], which are classical pseudo- 
differential of order 2A. Finally we construct natural conformally covariant odd powers of 
the Dirac operator on any compact spin manifold. 



1. Introduction 

Let (X,g) be a compact spin Riemannian manifold with boundary, and denote by (M,h) 
its boundary with the induced spin structure and Riemannian metric. Let also Dg denote the 
associated Dirac operator acting on the spinor bundle S over X. The purpose of this paper 
is to clarify some aspects of the interaction between the space of smooth spinors of Dg on X 
which are harmonic in the interior, and the space of their restrictions to the boundary. More 
precisely, we will examine the orthogonal projectors on these spaces in 1? sense, the operator 
of extension from the boundary to a harmonic spinor, and its adjoint. Before stating our 
results in the general case, let us review the situation for the unit disc where one can give 
explicit constructions for these objects. 

Example: the unit disc. Keeping the notation (X, g) for the closed unit disc in C equipped 
with the Euclidean metric and M = S , let 

K:={^£ C7°°(X); Dg4> = 0}, X 9 := {cp\ M ; <fi G %} 

where for the moment Dg = d is the Cauchy-Riemann operator. The functions z k ,k > 
clearly are dense in "K with respect to the L 2 norm. Their restrictions to the boundary e lkt , 
k > 0, span the space of those smooth functions whose Fourier coefficients corresponding 
to negative frequencies vanish. The orthogonal projection P^ g onto the L 2 -closure of 'Kg is 
easily seen to be pseudodifferential; if A = —id/dt is the self-adjoint Dirac operator on M, 
then P-}i g is the Atiyah-Patodi-Singer projection on the non-negative part of the spectrum of 
A, whose kernel is given by (27r(l — zw)) -1 with respect to the measure dt where w = e lt . Let 
K : C°°(M) — > C°°(X) be the operator which to <j)\M € "Kg associates </>, extended by on 
the orthogonal complement of 'Kg. Then K has a smooth kernel on X x M where X = int(X) 
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given by 

(1) K(z,w) = — — 

w v ' ; 2vr(l - zw) 

with respect to the standard measure on the circle, where w = e lt . This kernel extends to 
X x M with a singularity at the boundary diagonal {(z,w);z = w}. If we set 

z = (1 - x)e^ t+v) , p := tJx 2 + y 2 

we see that the leading term of the singularity is p" 1 , moreover K(z, w) admits a power series 
expansion near p = 0. The coefficients live on the "polar coordinates", or blow-up space 
which will play an essential role in the rest of this paper. The adjoint of K, denoted by K*, 
has a smooth kernel on M x X with respect to the standard measure ^dzAdz, given formally 
by ([I])- This has the same type of singularity as K near {z = w}. The kernel of K*K on 
MxMis given by 

1 log(l — zw) 
4tt zw 

which is the kernel of a classical pseudo-differential operator of order —1 (actually given by 
^Pji d {\Dt\ + 1)^ 1 ). The remaining composition KK* has a smooth kernel on X x X given by 
(27r(l — zw))" 1 with respect to the Euclidean measure in w. This kernel extends to X x X 
with the same type of singularity as in the case of K and K*, only that now the singular 
locus is of codimension 3, and there are two, instead of one, extra boundary hyperfaces. To 
finish our example, consider the projector on (the closure of) "K. Its kernel with respect to 
ir^dw A dw is 

1 

7r(l — ZW) 2 

which is of the same nature as the kernel of KK* but with a higher order singularity. 

Harmonic spinors on manifolds with boundary. One can extend the above example to 
higher complex dimensions. One direction would be to study holomorphic functions smooth 
up to the boundary, however in this paper we will consider another generalization. Let thus 
X be a compact domain in C n , and Dg = d + d acting on A°'*X. A form is called harmonic 
if it belongs to the nullspace of Dg. Then the above analysis of the operators K, K* and of 
the projection on the space of harmonic forms can be carried out, describing the singularities 
of the kernels involved. In fact, even more generally, we will consider the Dirac operator Dg 
acting on the spinor bundle E over a compact spin manifold X with boundary M. We assume 
that the metric ~g on X is smooth at the boundary but not necessarily of product type (which 
would mean that the gradient of the distance function p to the boundary were Killing near 
the boundary). We then denote by "K{Dg) and 'Kg(Dg) the space of smooth harmonic spinors 
and the Cauchy data space of Dg respectively, 

■K{D- g ) := {<f> € C°°(X; E); D-gcf) = 0}, X d {D s ) := {<j>\ M ; G M(Dg)} 

and let "K(Dg) and "KQ{Dg) be their respective L 2 closures. When the dependence on Dg 
is clear, we may omit Dg in the notations 'K(Dg), Jig(Dg) for simplicity. We denote by 
and Prf£ g the respective orthogonal projectors on "K (that we call the Bergman projector) 

and "Kg (the Calderon projector) for the L 2 inner product induced by g and g\M- Let K : 
L 2 (M, E) — > L 2 (X, E) be the Poisson operator, i.e., the extension map which sends "Kg to 5C, 
that is, D-gK^j = and i^Vlax = i> for a11 ^ G ^ and denote by K* : L 2 {X, E) -> L 2 (M, E) 
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its adjoint. The main results in this paper concern the structure of the Schwartz kernels of 
these operators, which also gives new proofs for some known results. 

Let us remark that the construction of the orthogonal projector called here Calderon 
projector, and its applications, have been a central subject in the global analysis of mani- 
folds with boundary since the works of Calderon [10] and Seeley |44| . |45| . The Calderon 
projector of Dirac-type operators turned out to play a fundamental role in geometric prob- 
lems related to analytic-spectral invariants. This was first observed by Bojarski in the linear 
conjugation problem of the index of a Dirac type operator [8]. Following Bojarski, Booss 
and Wojciechowski extensively studied the geometric aspect of the Calderon projector [7]. 
The Calderon projector also appears in the gluing formulae of the analytic-spectral invariants 
studied in |41j . [43] . [29] . [33] since the use of the Calderon projector provides us with more 
refined proofs of these formulae in more general settings. We also refer to [13], |14] for an 
application of the Calderon projector of the Spin c Dirac operator, and a recent paper of 
Booss-Lesch-Zhu [6] for other generalizations of the work in [7J. Extensions of the Calderon 
projector for non-smooth boundaries were studied recently in [T| 132]. 

Polyhomogeneity. Before we state the main results of this paper, let us fix a couple of 
notations and definitions. If W and Y are smooth compact manifolds (with or without 
boundary) such that the corner of highest codimension of W x Y is diffeomorphic to a product 
MxM where M is a closed manifold, we will denote, following Mazzeo-Melrose [35], by IfxoF 
the smooth compact manifold with corners obtained by blowing-up the diagonal A of M x M 
in W xY, i.e., the manifold obtained by replacing the submanifold A by its interior pointing 
normal bundle in W x Y and endowed with the smallest smooth structure containing the lift 
of smooth functions on W x Y and polar coordinates around A. The bundle replacing the 
diagonal creates a new boundary hypersurface which we call the front face and we denote by 
ff. A smooth boundary defining function of ff in W Xq Y can be locally taken to be the lift 
of d(-,A), the Riemannian distance to the submanifold A. On a smooth compact manifold 
with corners W, we say that a function (or distribution) has an integral polyhomogeneous 
expansion at the boundary hypersurface H if it has an asymptotic expansion at H of the 
form 



for some J £ No:= {0} U N, a non-decreasing function a : Z — )• No, and some smooth functions 
qje on int(.ff), where pn denotes any smooth boundary defining function of H in W . 

Theorem 1. Let (X,g) be a smooth compact spin Riemannian manifold with boundary M. 
Let K be the Poisson operator for Dg and let K* be its adjoint. Then the following hold true: 

(1) The Schwartz kernels of K , K* and KK* are smooth on the blown-up spaces X XqM , 
M Xq X , respectively X Xq X with respect to the volume densities induced by g. 

(2) The operator K*K is a classical pseudo- differential operator of order —1 on M which 
maps L 2 (M, £) to H l (M, £), and there exists a pseudo-differential operator of or- 
der 1 on M denoted by (K*K)~ 1 such that the Calderon projector P^ is given by 

(K*K)~ 1 K*K. In particular, Pj? is classical pseudo-differential of order 0. 



oo a(j) 



(2) 




j=-j e=o 
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(3) The Bergman orthogonal projection from L 2 (X, E) to'K is given by K(K*K) 1 K* 
and its Schwartz kernel on X Xq X is smooth except at the front face ff where it has 
integral polyhomogeneous expansion as in ([2]) with a < 3. 

Note that an alternate description of these kernels in terms of oscillatory integrals is given 
in Appendix iBl 

Our method of proof is to go through an explicit construction of all these operators which 
does not seem to be written down in the literature in this generality for the Dirac operator, 
although certainly some particular aspects are well known (especially those involving the 
Calderon projector P§i g , see [7j). We use the fundamental property that the Dirac operator 
is conformally covariant to transform the problem into a problem on a complete non-compact 
manifold (X, g) conformal to (X,g) obtained by simply considering X := int(X) and g := g/p 2 
where p is a smooth boundary defining function of the boundary M = dX which is equal to 
the distance to the boundary (for the metric ~g) near dX. This kind of idea is not really new 
since this is also in spirit used for instance to study pseudoconvex domains by considering a 
complete Kahler metric in the interior of the domain (see Donnelly- Fefferman [12] , Fefferman 
[16] . Cheng- Yau [11], Epstein- Melrose [IS]), and obviously this connection is transparent for 
the disc in C via the Poisson kernel and the relations with the hyperbolic plane. One of the 
merits of this method, for instance, is that we do not need to go through the invertible double 
of [7] to construct the Calderon projector and thus we do not need the product structure of 
the metric near the boundary. We finally remark that the bound a < 3 in (3) of the Theorem 
is almost certainly not optimal, we expect instead a < 1 to be true. 

Conformally covariant operators. We also obtain, building on our previous work [25) . 

Theorem 2. There exists a holomorphic family in {A € C; 3f?(A) > 0} of elliptic pseudo- 
differential operators S(\) on M = dX of complex order 2\, invertible except at a discrete 
set of X's and with principal symbol icl(z^)cl(^)|^| 2A ~ 1 where v is the inner unit normal vector 
field to M with respect to g, such that 

(a) ^(Id + 5(0) ) is the Calderon projector P^i g ; 

(b) For k € No, := — cl(^)S(l/2 + k) is a conformally covariant differential operator 
whose leading term is D\f 2k where Dm denotes the Dirac operator on M , and Lq = 



By using the existence of ambient (or Poincare-Einstein) metric of Fefferman- Graham [17[ 
118) . this leads to the construction of natural conformally covariant powers of Dirac operators 
in degree 2k + 1 on any spin Riemannian manifolds (M, h) of dimension n, for all A; € No if 
n is odd and for k < n/2 if n is even. We explicitly compute L\. 

Corollary 3. Let (M, h) be a Riemannian manifold of dimension n > 3 with a fixed spin 
structure, and denote by seal, Ric and D the scalar curvature, the Ricci curvature, and re- 
spectively the Dirac operator with respect to h. Then the operator L\ defined by 



D M - 




+ 



(n-l)(n-2) 



seal 



D 



if L\ is defined in terms of the conformal metric h = e 
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Cobordism invariance of the index and local Wodzicki-Guillemin residue for the 
Calderon projector. As a consequence of Theorem [2] and the analysis of [25], we deduce 
the following 

Corollary 4. Let (X,g) be a smooth compact spin Riemannian manifold with boundary M. 

(1) The Schwartz kernel of the Calderon projector associated to the Dirac operator 
has an asymptotic expansion in polar coordinates around the diagonal without log 
terms. In particular, the Wodzicki-Guillemin local residue density of vanishes. 

(2) When the dimension of M is even, the spinor bundle £ splits in a direct sum £+©£_. 
If denotes Dm\t, + '■ £+ — > £-> then the index Ind(-D^) is 0. 

As far as we know, the first part of the corollary is new. It is known since Wodzicki [36] 
that the global residue trace of a pseudo-differential projector of order vanishes, however 
the local residue density does not vanish for general projectors (e.g. see pj5]). What is true is 
that the APS spectral projector has also vanishing local residue, a fact which is equivalent to 
the conformal invariance of the eta invariant. For metrics of product type near the boundary 
the Calderon and APS projectors coincide up to smoothing operators; thus our result was 
known for such metrics. 

The second statement is the well-known cobordism invariance of the index for the Dirac 
operator; there exist several proofs of this fact for more general Dirac type operators (see 
for instance [391 EH [321 [9]) but we found it worthwhile to point out that this fact can be 
obtained as a easy consequence of the invertibility of the scattering operator. In fact, a proof 
of cobordism invariance using scattering theory for cylindrical metrics has been found recently 
by Miiller-Strohmaier [3Q], however their approach does not seem to have implications about 
the Calderon or Bergman projectors. 

More general operators. Our approach does not seem to work for more general Dirac 
type operators. However it applies essentially without modifications to twisted spin Dirac 
operators, with twisting bundle and connection smooth on X. For simplicity of notation, we 
restrict ourselves to the untwisted case. 

Acknowledgements. This project was started while the first two authors were visiting 
KIAS Seoul, it was continued while C.G. was visiting IAS Princeton, and finished while 
S.M. was visiting ENS Paris; we thank these institutions for their support. We also thank 
Andrei Moroianu for checking (with an independent method) the formula for L\ in Corollary 
(3[ C.G. was supported by the grant NSF-0635607 at IAS. S.M. was supported by the grant 
PN-II-ID-PCE 1188 265/2009 and by a CNRS grant at ENS. 

2. Dirac operator on asymptotically hyperbolic manifold 

We start by recalling the results of [25] that we need for our purpose. Let (X, g) be an 
(n + l)-dimensional smooth complete non-compact spin manifold which is the interior of a 
smooth compact manifold with boundary X . We shall say that it is asymptotically hyperbolic 
if the metric g has the following properties: there exists a smooth boundary defining function 
x of dX such that x 2 g is a smooth metric on X and Idxl^ = 1 at dX. It is shown in \Zi)\ 128] 
that for such metrics, there is a diffeomorphism ip : [0, e)t x dX — > U C X such that 

/ON ,* ^ + W) 

(3) Y> 9 = p 
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where e > is small, U is an open neighborhood of dX in X and h(t) is a smooth one- 
parameter family of metrics on dX. The function ip*(t) will be called geodesic boundary 
defining function of dX and the metric g will be said even to order 2k + 1 if d 2 t j+l h{$) = 
for all j < k; such a property does not depend on ip, as it is shown in [23J. The conformal 
infinity of X is the conformal class on dX given by 

[ho] := {{x 1 g)\ T Qx '■> x is a boundary defining function of X}. 

On X there exists a natural smooth bundle °TX whose space of smooth sections is canonically 
identified with the Lie algebra Vo of smooth vector fields which vanish at the boundary dX, 
its dual °T X is also a smooth bundle over X and g is a smooth metric on °TX. 

Consider the SO(n + l)-principal bundle ®F(X) — > X over X of orthonormal frames in 
°TX with respect to g. Since X is spin, there is a Spin(n + l)-principal bundle ®F(X) — > X 
which double covers ®F(X) and is compatible with it in the usual sense. The O-Spinor bundle 
can then be defined as a bundle associated to the Spin(n + l)-principal bundle ®F(X), 
with the fiber at p G X 

%(I) = (»F p x5(n + l))/r 
where r : Spin(n + 1) — > Hom(S'(n + 1)) is the standard spin representation on S(n + 1) ~ 
C 2 " +1 2 . If x is any geodesic boundary defining function, the unit vector field xd x := 
V 9 log(x) is a smooth section of °TX. The Clifford multiplication c\(xd x ) restricts to the 
boundary to a map denoted by cl(z/), independent of the choice of x, satisfying cl(i^) 2 = —Id 
which splits the space of 0-spinors on the boundary into ±i eigenspaces 

°£± := ker(cl(i/) T i), °S|m = °£+ © °S_ 

The Dirac operator D g associated to g acts in L 2 (X, °E) and is self-adjoint since the metric 
g is complete. Let us denote by C°°(X,°Y^) the set of smooth spinors on X which vanish to 
infinite order at dX. We proved the following result in [25} Prop 3.2]: 

Proposition 5. The spectrum of D g is absolutely continuous and given by the whole real 
line o~(D g ) = R. Moreover the L 2 bounded resolvent R±(X) := (D g ± iX)^ 1 extends from 
{5f?(A) > 0} meromorphically in X G C \ —N/2 as a family of operators mapping C°°(X , °S) 
to X2 +X C°°(X , S), and it is analytic in {5ft(A) > 0}. Finally, we have [x~ " A -R±(A)cr] \ Q -^ G 
C°°(9X,°S T ) for all a G C°°(X, T,). 

Using this result, in [25] we were able to solve the following boundary value problem 

Proposition 6. Let X G U := {z G C; 9fc(z) > 0,z ^ N/2}. For aZZ ^ G C°°(dX, £ ± ) i/iere 
^s a unique o± (A) G C°°(X,°T,) such that there exist <r£(A),a-±(A) G C°°(X, S) satisfying 
o- ± (A) = x?~ A cr±(A) +xt+ A cr^(A) and 

(4) (Z> fl ±tA)a±(A) = 0, ^(A)| S x = ^ 
Moreover a ± (A) , <r± (A) are analytic in X G C/ and one /ias cr±(A)|g^ G C°°(dX, °S =F ). 

The solution o~±(A) of Proposition [6] is constructed in Lemma 4.4 of [25] as a sum 

(5) <r±(A) = o-oc,±(A) - ii±(A)(A, ± iA)o- 00i± (A) 
where ffoo,±(A) G xt- A C°°(A F , °E) satisfies 

(6) (D ff ±iA)<7oo i± (A) Gr(X,°S), [ x -f+V 00 ,±(A)]| 9X = ^ 
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with the additional property that it is analytic in {K(A) > 0, A ^ N/2}. Since R±(X) are 
analytic in {5R(A) > 0}, this shows that 0±(A) is analytic in the same domain, and we 
have D g a±(0) = 0. Since this will be useful below, we recall briefly the construction of the 
approximate solution cXoo^A) near the boundary from Lemma 4.4 in [23]. The principle is 
to write the Dirac operator near dX in the product decomposition [0, e) x x dX 

(7) D g = x% (cl(xd x )xd x + xD ho )x~% + X P 

where is the Dirac operator on the boundary for the metric ho and P is a first order dif- 
ferential operator with smooth coefficients which in local coordinates (x, y) near the boundary 
can be written 

n 

P = P (x, y)xd x + ^2 P i( x i v) xd vi 
i=i 

for some smooth sections Pj of °S (g) °S*. Consequently, one has for any ip± G C°°(dX, °E±) 
and A; € No the indicial equation 

(8) (D g ±i\)x%- x+k (iP + + ip.) 

=ix%~ x+k ((jfc - A ± A)^+ + (X — k± A)V-) + x?" A + fc+1 F A fc 

where Fj? G C°°(X, S) is holomorphic near A = 0. From this, using formal series and Borel 
lemma, it is easy to see that one can construct near A = a spinor Coo,±(A) G a? * _ ^C°°(X, °E), 
holomorphic near A = 0, solving ([6]) whose formal Taylor series is determined locally and 
uniquely by ip±. 

Let o~±(X) be the spinor of Proposition [6] (thus depending on ijj), we can then define linear 
Poisson operators and scattering operators 

E±(\) : C°°(dX, °£±) ^ t-X7 ± (A), 

5±(A) : C°°(dX,°£ ± ) -+C°°(dX,°£ T ), ^ >-*4(A)lsX 

which are holomorphic in {$£(A) > 0, A ^ N/2}. We extend the definition of E±(X) to the 
whole bundle °S by setting that it acts by on °Szp. Then from Proposition 4.6 of [25], the 
Schwartz kernel E±(X; m, y') G C°°(X x <9X; °S <g> °£*) of £±(A) is given by 

(9) E±(X;m,y') = [R±(X; m, x', y')x'-%-%, =0 d(u) 
where R±(X;m,m') is the Schwartz kernel of R±(X). We can also define 

(10) E(X) : C°°(<9X, °E) — >C°°(X, + ^+(A)^+ + £L(A)^_, 
5(A) : C°°(aX,°S) -^C7°°(dX,°£) + ^5+(A)V>+ + 5_(A)^_. 

The main features of 5(A), also proved in Section 4.3 of |25j . are gathered in 

Proposition 7. For 3?(A) > and A ^ N/2, i/ie operator 5(A) depends on the choice of the 
boundary defining function x but changes under the law 

(11) 5(A) = e -(f +A)wo 5(A)e(t- A Vo, UQ u \ x=(j 

if 5(A) is the scattering operator defined using the boundary defining function x = e^x for 
some w G C°°(X). Moreover 5(A) G ^ 2A (dZ,°£) is a classical pseudodifferential operator of 
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order 2X, and its principal symbol is given by 

where ho = {x 2 g)\ T Q-^. If A G iM., S(X) extends as a unitary operator on L 2 (dX , its 
inverse is given by S(—X) and extends meromorphically in {5R(A) > 0, A ^ N/2} as a family 
of classical pseudo-differential operators in ^~ 2X (dX , Finally S(X) is self-adjoint for 
A G (0,oo). 

The conformal change law and the invertibility are easy consequences of the definition 
of 5(A) and the uniqueness of the solution a±(X) in Proposition [6j the pseudodifferential 
properties and the meromorphic extension are more delicate and studied in Section 4.3 of 
[25]. In particular, by letting A —■ in (JH), we deduce easily the following 



Proposition 8. Let ip G C°°(<9X,°S), then a := E(0)tp is a harmonic spinor for D, which 
lives in C 00 '(X and has the following behavior at the boundary 

a = s f (Id + S(0))ip + <3(x? +1 ). 

Remark from Proposition [7] that <S(0)* = <S(0) _1 = S(0) and so the operator 

(12) e:= I ( Id + 5(0)) 

is an orthogonal projector on a subspace of L?(dX ,°S) for the measure dv/ lQ where ho = 
{x 2 g)\ T Qx- Notice from (jlip that, under a change of boundary defining function x = e^x, the 
operator C changes according to conjugation C = e~^ u '°Qe^ UJ ° . 

Now we want to prove that the range of E(0) acting on C co (dX,°T l ) is exactly the set of 
harmonic spinors in x ^C°°(X, °S). 

Proposition 9. Let 4> G x^C co (X,°T l ) such that D g cj) = and let tp := (x~2(f))\ g ^. Then 
we have E(0)tp = 2<f>. 

Proof. First let us write tp = tp + + tp- with tp± G °£±- Then we construct the approximate 
solution <7oo,+(A) of ([6]) associated to tp+. Let us set </>+(A) := a OQt+ (X) and (j)-(X) := <f> — 
(f) + (X). One has (x~^ (f)-(0))\ x=0 = V- G °£- and D g c/)_(0) = -D g (/> + (0). As in the proof of 
Proposition El we have 

o+(A) = 0+(A) - R + (X)(D g + i\)<j>+(\) = E+(X)i>+. 

and in particular, since all the terms in the composition on the right hand side are holomorphic 
near A = 0, we obtain that 

E + (0)tP + = <£ + (0) - i*+(0)A,<M0) = <M0) + R+(0)D g <j)-(0). 

Now we use Green's formula on a region {x < e} for e > small and by letting e — > we 
deduce easily from Q that 

i*+(o)A,<Mo) = 0-(o) - #+(o)V>~ = ^-(o). 

Consequently, we have proved that -E+(0)^+ = (0) + <^>_ (0) = <p. A similar reasoning shows 
that E-(0)ijj- = and this achieves the proof. □ 

As a corollary we deduce that S(Qi)tp = tp for tp as in Proposition [9J so 
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Theorem 10. The following identity holds for C = ^(Id + 5(0)) 

{(x~^a)\ dY ;ae x^C°°(X, T;),D g a = 0} = G C°°(0X, o E)}. 

3. DlRAC OPERATOR ON COMPACT MANIFOLDS WITH BOUNDARY 

3.1. Calderon projector and scattering operator at 0. Now we let Dg be the Dirac 
operator on a smooth compact spin manifold with boundary (X,g), and we denote by £ the 
spinor bundle. We recall that the Cauchy data space of Dg is given by 

X 9 := {<fe> <f> G C°°(X, £), Dg(j) = 0} 

i.e., it is the space of boundary values of smooth harmonic spinors on X for Dg. The or- 
thogonal Calderon projector P^ g is a projector acting on L 2 (dX, E) and whose range is the 

L 2 -closure "Kq. Booss and Wojciechowski [7] studied Fredholm properties of boundary value 
problems for Dirac type operators on manifolds with boundary, they found that if P is a 
pseudo-differential projector on the boundary, the operator Dp : Dom(Z)p) — s> C°°(X ,S + ) 
with domain 

Dom( J D+) := {<f> € C^(X,E + );P(<p\ dY ) = 0} 

is Fredholm if and only if P o P^ g : Jig — > ran(P) is Fredholm, and their indices agree. One 
of the main problems in this setting is to construct Calderon projectors, there exist methods 
by Wojciechowski [7] which use the invertible double construction, but a special product 
structure near the boundary has to be assumed. Our purpose is to construct the Calderon 
projector in a general setting for the Dirac operator using its conformal covariance and the 
scattering theory of Dirac operators on asymptotically hyperbolic manifolds developed in |25j . 

Let x be the distance to the boundary, which is smooth near dX, and modify it on a 
compact set of X so that it becomes smooth on X, we still denote it by x. Dehne a metric g 
conformal to ~g by 

9 ■= x~ 2 g, 

this is a complete metric on the interior X which is asymptotically hyperbolic. The associated 
Dirac operator D is related to Dg by the conformal law change 

Dg = IS 1 DgX 2 . 

Notice that this formula appears with a wrong exponent in several places in the literature, 
e.g. \26\ Prop. 1.3], |30l Thm. II. 5. 24]. Let °S be the rescaled spin bundle defined in Section 
[21 then there is a canonical identification between S and S. We deduce that the Cauchy 
data space may also be given by 

■K d = {{x~^ o~)\qx; a € xiC°°(X, £),ZV = 0}. 

Combining this and Theorem 1 101 we obtain 

Theorem 11. The l? -closure of the Cauchy data space "Kq is given by the range of C = 
|(Id + 5(0)) on L 2 (aZ,°£), in particular, P^ = G. 

Remark that no assumption is needed on the geometry of (X,g) (this was needed for 
instance for the double construction in [7]). 

Another consequence of our construction is that 5(0) anti-commutes with the endomor- 
phism cl(u) of Section [2] and thus 
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Proposition 12. The operator C satisfies —c\(v) Qc\(y) = Id — C, in other words, the L 2 - 
closure of the Cauchy data space "Kg is a Lagrangian subspace in L 2 (dX , °E) with respect to 
the symplectic structure (v,w) := (cl(v)v , w) h forv,w € L 2 (dX , °E) where ho = {s)\t8X- 

Proof. The equality — cl(z^) Ccl(z^) = Id — C follows easily from cl(z^)S(0) = — S(0)cl(z^) since 
-\c\(v)(\d + S(0))cl(i/) = i(Id - cl(i/)S(0)cl(i/)) = i(Id - S(0)). 

This immediately implies that "Kg and "K^ are both isotropic subspaces in L 2 (dX,° E), which 
completes the proof. □ 

3.2. Calderon projector and the operator K. By Propositions [8] and [U the extension 
map K : C°°{dX , E) — >■ C°°(X, E) from spinors on M to harmonic spinors on X is given 
by 

1 n 

Kip = -x~2 E(0)il; 

where E(0) is the operator defined in (|10|) for the Dirac operator D associated to g = g/x 2 . 
The adjoint E(0)* of E(0) with respect to dv g is a map from C°°(X, °E) to C°°(5X, °E) such 
that 

/ (^(0)^,V> 9 d v 9 = /_(v,^(0)»h dv ho 

for all i)j € C' oo (X, E) and 93 € C°°(<9X, E). Here /io denotes the metric over dX given by 
the restriction of g to the bundle TdX. Similarly the adjoint of K with respect to the metric 
dvg satisfies 

/ (Kip,Tp) g dvg= _((p,K*tp) ho dv ho 
JX JdX 

and since dv 9 = x~( n+1 ^dv-g, we obtain 

K* = ^E{0)*x% +1 

where the adjoint for E(0) is with respect to g while the adjoint for K is with respect to g. 

The Schwartz kernels of E(\),E*(\) and i?±(A) are studied in [25]. They are shown to 
be poly homogeneous conormal on a blown-up space. Let us now describe them, by referring 
the reader to the Appendix for what concerns blown-up manifolds and poly homogeneous 
conormal distributions. The first space is the stretched product (see for instance [35l [3l] 
where it was first introduced) 

X x X = [X xX-Ag], Ag := {(m,m) G dX x dX} 

obtained by blowing-up the diagonal Ag in the corner, the blow-down map is denoted by 
(3 : X Xq X — > X x X. This is a smooth manifold with corners which has 3 boundary 
hyper surf aces: the front face ff obtained from blowing-up Ag, and the right and left boundaries 
rb and lb which respectively project down to X x dX and dX x X under /3. One can similarly 
define the blow-ups 

(13) X x dX :=[X x dX;Ag], dX x X := [dX x X; Ag] 

which are manifolds with 1 corner of codimension 2 and 2 boundary hypersurfaces: the front 
face ff obtained from the blow-up and the left boundary lb which projects to dX x dX for 
X XqOX, respectively the front face ff and right boundary rb for dX XqX. We call Pi,(3 r the 
blow-down maps of (fT3j) and we let p<$, pib and be boundary defining functions of these 
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hyp ersurf aces in each case. Notice that the two spaces in (|13j) are canonically diffeomorphic 
to the submanifolds {p r ^ = 0} C X x X and {p\^ = 0} C X x X. Like in Section 3.2 in 
[25], the bundle °S M °S* lifts smoothly to these 3 blown-up manifolds through j3, (3i and (3 r , 
we will use the notation 

£ := /r(°£K°£*), Ej :=/3*( EK°£*) for j = l,r 

for these bundles. The interior diagonal in X x X lifts to a submanifold A t inXxgl which 
intersects the boundary only at the front face (and does so transversally) . Then it follows from 
[25| Prop 3.2] that the resolvent R±(X) has a Schwartz kernel R±(X; m, m') G C"°°(X x X; £) 
which lifts to X Xq X to a poly homogeneous conormal distribution on I Xq ! \ A ( 

(14) £*itt(A) € (p rbPlb ) A+ fC M (Ix I\A ( ;£). 
Combined with Theorem this structure result on R±(X) implies 

Corollary 13. The Schwartz kernel of the Calderon projector P^ associated to the Dirac 
operator has an asymptotic expansion in polar coordinates around the diagonal without log 
terms. In particular, the Wodzicki-Guillemin local residue density of vanishes. 

Proof. Using Theorem II 1[ it suffices to show that S(0) has this property. From [25|. eq (4.10), 
Sec. 3], the kernel of 5(A) is given outside the diagonal by 

S{X;y,y') = i[(xx')~ x ~^R + (X;x,y,x',y')\ x=x ' =0 - (xx')~ X ~i R-(X; x, y, x' , y')\ x=x , =Q ) 

Since a boundary defining function x' of X x dX in X x X lifts to f3*x' = p T bPsF for some 
F > smooth on X Xq X (and similarly f3*x = pibPffF for some smooth F > 0), one can use 
dHJ) to obtain 

/3*((xx')- A -Si2±(A) eps 2X - n C°°(Xx X;8.). 
Restricting to x = x' = 0, y ^ y' corresponds to restricting to the corner lb H rb which is 
canonically diffeomorphic to M Xq M = [M x M; Ag] and thus the pull-back f3gS(X) of the 
kernel of S(X) has an expansion in polar coordinates at Aq with no log terms after setting 
A = 0. □ 

From Q, we deduce that the kernel E(\;m,y') of E(X) lifts to 

ftE(X)€f£*p s 2 C°°(Xxo5X;£i) 

where we used the identification between {p^ = 0} C X Xq X and X Xq8X. Here, obviously, 
this is the kernel of the operator acting from L 2 (M, °E; dv^o) to L 2 (X, °E; dv g ). We have a 
similar description 

f3* r E*(X) e Prb +2 % 2 H9Ax I;£ r ). 
So we deduce that the Schwartz kernel K*(y,x',y') € C°°(dX xI;°SS °S*) of If* with 
respect to the density \dvh ® dvj\ = x n+1 |dv^ eg) dv 9 | lifts through (3 r to 

(15) ftK* = ±(3* r (x'^E*(0)) G p a n C°°{dX x X; £ r ). 
Similarly, for if we have 

(16) ftKsp^C^tXxodXiEt). 

When it is clear, we may omit °S in the notations L 2 (X,° E, dv g ), L 2 (dX® E, dv^ ) for 
simplicity. Now we have 
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Lemma 14. The operator K is bounded from L 2 (dX, dv/j ) to L 2 (X,dv-g), and so is its 
adjoint K* from L 2 (X,dvj) to L 2 (dX, dv^ ). The range of K* acting on L 2 (X,dv-g) is 

contained in "Kq and the kernel of K contains 5Cg. 

Proof. It is shown in Lemma 4.7 of [25] the following identity 

R+(0) - 22_(0) = -^(£ + (0)£+(0)* + £_(0)£_(0)*) = - l -E(0)E(0)* 

as operators from C°°(X , °S) to x ~2C°°(X, °E), so in particular this implies that 

KIT = -ix~^(R+(Q) - i?_(0))xf +1 

as operators. Using the isometry ip — > x~( n+1 ^ 2 ^ from L 2 (X, dv g ) to L 2 (X, dv-g), we see that 
the operator KK* is bounded on L 2 (X, dvol^) if and only if x? (i?+(0) — i?_(0))x2 is bounded 
on L 2 (X, dv g ). Now by (|14p . the Schwartz kernel of xa R±(0)x'2 lifts on the blown-up space 
X x X conormal function 

r i?± (O)x' 3 ) G ^ Pff C°° (X x o X; £ ) 

since (ra')2 lifts to 1 Xo X to (p r bPib) ^ PsF for some -F > smooth on X Xq X. We may 
then use Theorem 3.25 of Mazzeo [M] to conclude that it is bounded on L 2 (X,dv g ), and it 
is even compact according to Proposition 3.29 of [34]. As a conclusion, K* is bounded from 
L 2 (X, dv-g) to L 2 (dX, dvh ) an d K is bounded on the dual spaces. The fact that the range of 
K* is contained in "Kq comes directly from a density argument and the fact that for all ip € 
C°°(X'°i:), K*iP = -±i[x-i(R + (0) - i?_(0))(xf +1 V>)]| 9 x> and x~t (i? + (0)-.R_(0))(xi +V) 
is a smooth harmonic spinor of on X. □ 

The operator K*K acts on L 2 (5X,dv/ l0 ) as a compact operator, we actually obtain 

Lemma 15. The operator K*K is a classical pseudo-differential operator of order —1 on dX 
and its principal symbol is given by 

a pT (K*K)(y ]f ,) = (id + * c l(z/)cl(^-)) 

Proof. According to (|16p and Lemma [281 the operator K = ^x~2i^(0) is a log-free classical 
pseudodifferential operator in the class I^ 1 (X x M; £) in the terminology of Subsection IB.21 
while K* is in the class I^(MxX £). We can therefore apply Proposition [30] to deduce that 
K*K G ^ _1 (M;£) is a classical pseudo-differential operator of order —1 on M. Moreover, 
from Proposition [3D] the principal symbol is given by 

o-k*k(v,Li) = (2vr)~ 2 / a K * (y; -x, n).a K {y; x, n)dx 
Jo 

where hat denotes Fourier transform in the variable £ and ok* (y, n), o~k(u] A*) are the 
principal symbols of K*,K. We have to compute for large the integral above. We know 
from [25] that the leading asymptotic in polar coordinates around Aq (or equivalently the 
normal operator at the front face) of K = ^x~ n ^ 2 E(0) at the submanifold Aq is given in local 
coordinates by 

K(x,y,y + z) ~ p~ n ~\x + c\(y)c\{z)) 
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where p := (x 2 + \z\ 2 ) 1 ' 2 is the defining function for the front face of X Xo M. To obtain 
the symbol, we need to compute the inverse Fourier transform in (x, z) variables of the 
homogeneous distribution p~ n ~ 1 (x + c\(v)c\(z)). To do this, we use the analytic family of L 1 
tempered distributions w(A) = p- n ~ l + x for K(A) > 0. We have 



% zH( ^)HA)) = (27r)^2^— w^py^ 



for i? := fj,)\. This allows us to compute 3"(xo;(A)) and ^(^^(A)), which turn out to be 
regular at A = 0. Thus by setting A = we get after a short computation 

This gives (TK*(y, A 4 ) = — z((0 2 + H 2 ) -1 ^' — c K z/ ) c K/ i ))- Use the fact that the Fourier 



transform of the Heaviside function is ttS — |. Then 



4o*.*(j/; M) = / «" 2 ^ - vr" 2 i / {RR'y 2 (tt' + M 2 + (£' - Od(f)cl(M)) 

jr 2 



in the sense of principal value for (£ — The first term gives In the second term, 

by symmetry in only the term 7r _2 icl(^)cl(^) L 2 (-RR') -2 d£^£' contributes, and it gives 
i|/i|~ 2 cl(V)cl(/i). This ends the proof. □ 

In fact, we could also compute the principal symbol using the push- forward approach but 
the computation is slightly more technical. 
We deduce easily from the two last lemmas 

Corollary 16. There exists a pseudo- differential operator of order 1 on dX , denoted {K*K)~ l 
such that {K*K)~ l K*K = S. 

Proof. Using Lemmas [T21 [T5l we deduce that if is the Dirac operator on the boundary 

dX equipped with the metric ho = <?It£>x> then A '■= K * K + l( Id ~ e )( Id + D h ) ~^(Id ~ e ) 
is a classical pseudo-differential operator of order —1, and by Lemma [TBI its principal symbol 
on the cosphere bundle equals Id. Moreover, it is straightforward that kerA = since K is 
injective on "Kg. This implies that A is elliptic and has a classical pseudo-differential inverse 
B which is of order 1. Let us define {K*K)~ l := BQ, which is classical pseudo-differential of 
order 1, then one has {K*K)~ l K*K = {K*Ky l A = 6. □ 

3.3. The orthogonal projector on harmonic spinors on X. We will construct and 
analyze the projector on the L 2 (X, dvg-)-closure ^K(Dg) of 

•K{Dg) := {V € C°°(X; °S); D- g ^ = 0}. 

For this, let us now define the operator 

(17) P := K(K*KY l K* 

which maps continuously C°°{X; Q T) to C°°(X; T,). Since K is bounded on L 2 (dX, dv ho ), 
Lemma [H and Corollary [16] imply easily the following 

Corollary 17. The operator P satisfies PK = KQ = K on L 2 (dX,dv ho ). 

We want to show that P extends to a bounded operator on L 2 (X,dv-g) and study the 
structure of its Schwartz kernel. We first use the following composition result which is a 
consequence of Melrose's push-forward theorem [36]. The definition of poly homogeneous 
functions and index sets is recalled in Appendix lAl 



11 



COLIN GUILLARMOU, SERGIU MOROIANU, AND JINSUNG PARK 



M x o X and transverse to the front face ff , we deduce that applying Id + D 2 o to K* reduces 
its order at ff by 2 and leaves the index set at rb invariant, so (Id + D 2 , )K* has a kernel 



Theorem 18. The operator P := K{K*K)~ X K* has a Schwartz kernel in C _00 (X xI;(°ES 
<g) fia) on X x X which lifts to X x X through f3 to kp(3*(\dvg <S> dv-g\ a ) with 

k P eA J p l g J ^ Jlb (Xx X;E,), J ff = -(n + l)U(-2,l)U(0,3), J rb = J lb = 

where \dv-g (g) dv^l is f/ie Riemannian density trivializing £l(X x X) induced byg. 

Proof. We start by composing AoB where A := (K* K)" 1 (\d+ D^y 1 and £ := (Id+Z^Jif*. 
From Corollary [Till we know that j4 is a classical pseudo-differential operator on M of order 
— 1, so its kernel lifts to M Xo M as a poly homogeneous conormal kernel and its index set (as 
a 6-half-density) E is of the form -§ + l + N U(§ + N ,l). Now, since the lift of vector fields 
on M by the b-fibration MxqX—^MxX^-Mis smooth, tangent to the right boundary in 

which lifts onlxol to an element in A^f lh (M x X;£, r ®n£) with 

F S = ~--, F Th = 1 -. 

So using Lemma [29l we deduce that AoB has a kernel which lifts to M x o X as an element 
in 

tj tj 77 77 i 77 t 

A^(Mx X;Z r ®n*), F ff c(----)U(---,l)U(- + -,2), H A = --U- 

The index set i7 rb must in fact be \ since the dual of this composition maps C°°(M; °S) into 
C°°(X; S) (with respect to the density | dv^ 1 2 ) . Now the operator K has a kernel lifted to 

_n_j_l I 1 

X x M which is in p s 2 2 p 2 h C°°(X x M; £/ <8) Sl| ) thus using Lemma [29] (and the same 
argument as above to show that the index set is ^ at lb,rb), we deduce that the lift kp of 
the Schwartz kernel of P is poly homogeneous conormal on X XoX, and the index set of kp 
satisfies (as a b-half-density) 

n n ri 

(18) Jff = - 2 U ( 2 " 1, 1) U (- + 1, 3), J lb = J rb = -. 

Now this completes the proof since the lift of the half-density |dv^ <8> dv^|2 is of the form 

2-1-1 III 

Ps PibPvbP'b wriere Pb is a non vanishing smooth section of f2&. □ 

Corollary 19. T/ie operator P = K(K*K)~ 1 K* is bounded on L 2 (X,dv-g) and is the or- 
thogonal projector on the L 2 -closure of the set of smooth harmonic spinors for Dg on X, that 
is, P = P%. 

n _|_ ^ Th-\- 1 * 

Proof. Let P' := x^~Px ~ acting on C' oo (X; S), then it suffices to prove that P' extends 
to a bounded operator on L 2 (X, dv g ). But, in terms of half-densities, the half density |dv 9 (8) 
dv 5 |2 is given by (xx 1 ) ~ \d~v-g® dv-g\^ and Theorem 1181 shows that the Schwartz kernel of 
P' lifts on X Xo X to a half-density kpi/3*(\dv g ® dv 9 | 2 ) where 

j 1 jf jf 77-1-1 

It is proved in Proposition 3.20 of Mazzeo [M] that such operators are bounded on L 2 (X, dv g ). 
To conclude, we know from Corollary LT71 that P is the identity on the range of K acting on 
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C°°(dX; Ti), which coincides with the space of smooth harmonic spinors for Dg on X, and 
we also know that P vanishes on ker(K*) = Im(K) , so this achieves the proof. □ 

4. CONFORMALLY COVARIANT POWERS OF DlRAC OPERATORS AND COBORDISM 

INVARIANCE OF THE INDEX 

In this section, we define some conformally covariant differential operators with leading 
part given by a power of the Dirac operator. The method is the same as in Graham-Zworski 
[21] , using our construction of the scattering operator in Section [2j Since this is very similar 
to the case of functions dealt with in [21], we do not give much details. Let (X,g) be an 
asymptotically hyperbolic manifold with a metric g, and let a; be a geodesic boundary defining 
function of dX so that the metric has a product decomposition of the form g = (dx 2 +h(x))/x 2 
near dX as in ([3]). 

Lemma 20. Let C(A) := 2~ 2A r(l/2 - A)/r(l/2 + A). // the metric g is even to infinite 
order, the operator 5(A) := S(\)/C(\) is finite meromorphic in C, and it is holomorphic in 
{K(A) > 0}. Moreover for k £ No, the operator := 5(1/2 + k) is a conformally covariant 
self-adjoint differential operator on dX with leading part c\(v)D^ 2k , and it depends only on 

the tensors dx^h(0) in a natural way for j < k. For k = 0, one has 5(1/2) = c\{y)Dh . 

Proof. The first statement is proved in Corollary 4.11 of [25] . The last statement about 
5(1/2 + k) is a consequence of the construction of o~±(\) in Proposition [6J by copying mutatis 
mutandis the proof of Theorem 1 of Graham-Zworski [21] , Indeed, by construction, the term 
o"oo,± satisfying (|6|) has a Taylor expansion at x = of the form 

k 

<Xoc,±(A) = V + E xj (Pi>^) + 0(x k+1 ) 
i=i 

for all k € N where pj t \ are differential operators acting on C°°(dX ,°T>) such that y(i/2-\) 
are holomorphic in {5R(A) > 0} and depend in a natural way only on the tensors (d^.h(0))£<j. 
Following Proposition 3.5 and Proposition 3.6 in [21] . the operator Res^ = i / /2+fc5'(A) is a l so 
equal to — Res^ =1 / 2 +fc(P2fc+i,A)- The computation of 5(1/2) is then rather straightforward by 
checking that 

using the indicial equation ([8]) and the decomposition ([7|). □ 

A first corollary of Lemmal20lis the cobordism invariance of the index of the Dirac operator. 

Corollary 21. Let be the Dirac operator on a 2k -dimensional closed spin manifold 

(M, ho) which is the oriented boundary of a compact manifold with boundary (X,g). Let 
be the restriction of Dh to the sub-bundle of positive spinors S + := ker(w — 1), where uj is 
the Clifford multiplication by the volume element when k is even, respectively u = icl(volft ) 
for k odd. Then Ind(L>+ ) = 0. 

Proof. By topological reasons, we may assume that X is also spin and that the spin structure 
on M is induced from that on X. Using the isomorphism between the usual spin bundle S(X) 
and the 0-spin bundle °'E(X) in Section [21 we see that Dh can be considered as acting in 
the restriction of the 0-spin bundle °S to M. Since the odd-dimensional spin representation 
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is chosen such that cl(u) = icj, the ±i eigenspaces of cl(z/) on H(X)\m correspond to the 
splitting in positive, respectively negative spinors defined by lo on E(M). We have seen that 
5(1/2) = &(y)Df l0 . Then by the homotopy invariance of the index, it suffices to use the fact 
that S(X) is invertible for all A except in a discrete set of C, which follows from Lemma 1201 
and Proposition [71 □ 

We refer for instance to [2j 1391 l3T| |4"2| [9] for other proofs of the cobordism invariance of 
the index of D + . 

Now, let us consider M a compact manifold equipped with a conformal class [ho]. A 
(n + l)-dimensional Poincare-Einstein manifold (X,g) associated to (M, [ho]) is an asymp- 
totically hyperbolic manifold with conformal infinity (M, [ho]) and such that the following 
extra condition holds near the boundary M = dX 



Ric(g) = -ng + 0(x N - 2 ), N 



if n + 1 is even, 
if n + 1 is odd. 



Notice that by considering the disjoint union M2 := MUM instead of M, one sees that either 
M or M2 can be realized as the boundary of a compact manifold with boundary X. 

Fefferman and Graham \17\ [T8] proved that for any (M, [ho]) which is the boundary of a 
compact manifold X, there exist Poincare-Einstein manifolds associated to (M, [ho]). More- 
over writing g = (dx 2 + h(x))/x 2 for a geodesic boundary defining function x, the Taylor 
expansion of the metric h(x) at M = {x = 0} is uniquely locally (and in a natural way) 
determined by ho = h(0) and the covariant derivatives of the curvature tensor of ho, but 
not on the Poincare-Einstein metrics associated to (M, [ho])- If M is spin, we can always 
construct a Poincare-Einstein (X := [0,1] x M,g) associated to Mi with a spin structure 
induced naturally by that of M. 

Corollary 22. If (X,g) is a spin Poincare-Einstein manifold associated to a spin confor- 
mal manifold (M, [ho]), then for k < N/2 the operators =: —c\{v)S{l/2 + k) acting on 
C°°(M, °E) are self-adjoint natural (with respect to ho), conformally covariant differential 
operators of the form = D 2 ^^ 1 + lower order terms. 

Hence we can then always define the operators Lfc on M2 = M U M and thus, since the 
construction is local and natural with respect to ho, this defines naturally on any M. As 
above, when (M, [ho]) is a boundary, the index of the restriction to °£± = ker(w =F 1) 
(when n is even) is always 0. In general, the index of is the index of Lq, which equals the 
^4-genus of M by the Atiyah-Singer index theorem [2]. 

4.1. The Dirac operator. For k = 0, the operator Lo, which is essentially the pole of the 
scattering matrix at A = 1/2, is just the Dirac operator L\ on (M, ho) when the dimension 
of M is even, respectively two copies of when dim(M) is odd. 

4.2. A conformally covariant operator of order 3. For k = 1 in Corollary 1221 we get a 
conformally covariant operator of order 3 on any spin manifold of dimension n > 3, with the 
same principal symbol as D\ - 

Theorem 23. Let (M,ho) be a Riemannian spin manifold of dimension n > 3. Then the 
differential operator of order 3 acting on spinors 



3 _ 2cl o Ric ho o V ho scalfep _ cl(rf(scal feo )) 

ho n-2 + (n-l)(n-2) h ° 2(n - 1) 
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is conformally covariant with respect to ho in the following sense: if uj € C°°(M) and ho 
e 2u} ho, then 



a re + 3 , re — 3 , , 

Li = e — 2-^Lie— w 
where L\ is defined as above but using the metric ho instead of ho- 

Proof. The existence of the operator L\ with the above covariance property is already estab- 
lished, we are now going to compute it explicitly. The asymptotic expansion of the Poincare- 
Einstein metric g = x~ 2 (dx 2 + h x ) at the boundary is given in [18] by 

g = x 2 g = dx 2 + h -x 2 P + O(x 4 ), P = ( Ric 



n-2 ^"-ho 2(n-l) 

We trivialize the spinor bundle on (X,g) from the boundary using parallel transport along the 
gradient vector field X := d x . Let us write the limited Taylor series of Dg in this trivialization: 

(19) D s = c\{v)d x + Do + xDi + x 2 D 2 + 0(x 3 ). 
Use the conformal change formula 

re+2 n 

(20) D g = x—Dg-x'2 

valid in dimension n + 1. The idea from [21] is to use the formal computation giving the 
residue of the scattering operator at A = | in terms of the x2" +3 log(x) coefficient in the 
asymptotic expansion of formal solution to (D g — |z)o; = (the same method has been used 
in [3] for forms): there is a unique solution co modulo 0(x2 +3 ) of (D g — '^i)co = 0(x2 +3 ) of 
the form 



(21) w = x" j x 2oo + 2 uj± + x 2 log x ■ v + I + 0( 



and v + = C , A;Res^ = 3/2'S'(A)a; ( ^ = C' k c\{v)Li(ujQ) for some non-zero constants Ck,C' k . Since 
we know the principal term of L\ is D\^ we can renormalize later and the constant C' k is 
irrelevant in the computation. Recall that spinors in the ±i eigenspaces of cl(z^) are denoted 
with a ± symbol. 

Lemma 24. The conformally covariant operator of order 3 from Corollary\2^ is given on by 
(22) Li = Dl + 2c\{v){D l Do + D D 1 ) - 4D 2 . 



Proof. From (fT9|) , (pOj) and (|21j) we derive by a straightforward computation the identity (|22j) 
on negative spinors. The same formula is obtained when we start with loq , so the lemma is 
proved. □ 

Lemma 25. The operators Di,D 2 are given by 

scalpel (v) 



D 



i 



4(n-l) ' 

n 

-AD 2 = -2cloPoV = -^^ chRic^.^Vj + 



2scaU Do 



2(n-l)(n-2) 
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Proof. We write (U, V) for the scalar product with respect to the g metric, and V for the 
Riemannian connection. Notice that for U, V vectors tangent to the {x = xq} slices, and for 
A defined by the identity P(U, V) = h (AU, V), we have 

(U, V) = h {U - x 2 AU, V) + 0(x 4 ). 

Let U, V be local vector fields on M. We first extend them to be constant in the x direction 
with respect to the product structure (0, e) x x M. Then 

(V X U, V) = -xh (AU, V) + 0(x 3 ) 

which implies that the vector field 

U:=U + —AU 

is parallel with respect to X modulo 0(x 3 ). Let {Uj)\<j<n be a local orthonormal frame on 
M . Then (X, U±, . . . , U n ) is an orthonormal frame on (0, e) x M up to order 0(x 4 ) and parallel 
with respect to X to order 0(x 3 ). To compute the Dirac operator of g, we use the trivialization 
of the spinor bundle "from the boundary" given by the Gram-Schmidt orthonormalisation of 
this frame with respect to g, which introduces an extra error term of order 0(x 4 ) (therefore 
harmless). Notice that 

[U, V] = p^V] - y (A[U, V] - [U, AV] - [AU, V}) . 

Then we compute from the Koszul formula 

Vx&j = 0{x 3 ), V X X = 0, Vfj.X = -xAUj + 0(x 3 ), 

- - u x 2 

2(V Ui, U k ) = 2ho(yt?.Ui, U k ) - — {h (A[Uj, U] - [U^AUi] - [AU jt U k ) 

+ h (A[U k , U 3 ] - [U k , AUj] - [AUk, Uj],Ui) 

+h (A[Uk, Ui] - [Uk, AUi] - [AUk, Ui], Uj)} + 0(x 3 ). 
We continue the computation at a point p assuming that the frame Uj is radially parallel 
from p, in particular at p we have (Vj/I Ui) (p) = 0, [Uj,Ui](p) = and Uj(p) = dj i.e., at p 
the vector fields Uj are just the coordinate vectors of the geodesic normal coordinates. Then 
the coefficient of \ in 2(V^.C/j, Uk) simplifies a lot, and we get at p 

2(V & .Ui, U k ) = 2h (\7 f *U h U k ) - x 2 (d l A kj - d k Aij) + 0(x 3 ). 
From the local formula for the Dirac operator [5J Eq 3.13] we obtain 

2 i n i 

D- g =cl(X)d x + dj(Uj + y AU j) ~ 2 Yl xA jk cljcl(X)cl k + - ^ M^u^u U k )cljcl iC l k 

j,k=l i<k 

2 n 

~ T ^ H( diAk i ~ d k Aij)c\jc\ic\ k + 0{x 3 ). 

j=l i<k 

It follows that Do is just the Dirac operator for Hq. For D\, we could additionally assume 
that at p, the vectors Uj are eigenvectors of A, thus D\ = itr/j (>l)cl(X) which in view of the 
definition of P (recall that A is the transformation corresponding to P with respect to ho) 
implies after a short computation the first formula of the lemma. 
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We also get 

1 1 n 

j=l i<k 

but in the first term the action of Uj at p clearly coincides with the covariant derivative (the 
frame is parallel at p) so we get the advertised formula. As for the second term, it turns 
out to vanish miraculously because of the coefficients inside P. Indeed, due to the Clifford 
commutations we first check that the sum where j, i, k are all distinct vanishes. The remaining 
sum is given at p by 

J2 c h(dkAu - diA ik ) 
i,k 

which in invariant terms reads 

cl(d(tr ho (A)))+c\(S v (A)) 

where <5 V is the formal adjoint of the symmetrized covariant derivative with respect to h®. It 
is known that 



and from 

tr/^RichJ = scal feo 

we get the result. 



<5 v Ric/ l0 + 
tih (A) 



rf(scal feo ) 
2 

scal^o 



0. 



2(n-l)' 

This lemma ends the proof of the theorem by using ([22 



<S v (sca4 • I) = -d(scahj ) 



□ 
□ 



Appendix A. Polyhomogeneous conormal distributions, densities, blow-ups 

AND INDEX SETS 

On a compact manifold with corners X, consider the set of boundary hypersurfaces (Hj) 1 JL 1 
which are codimension 1 submanifolds with corners. Let pi, ... , p m be some boundary defining 
functions of these hypersurfaces. An index set £ = (£i, . . . , £ m ) is a subset of (C x No)" 1 such 
that for each M G M the number of points (f3,j) G £j with < M is finite, if (J3, k) G £j 
then (/3 + 1, k) G £j, and if k > then also (/J, A; — 1) G £_,-. We define the set 

C°°(X) := {/ G C°°(X); / vanishes to all orders on each Hj}. 

Its dual C~°°(X) is called the set of extendible distributions (the duality pairing is taken 
with respect to a fixed smooth 1-density on X). Conormal distributions on manifolds with 
corners were defined and analyzed by Melrose |36[ [37] , we refer the reader to these works for 
more details, but we give here some definitions. We say that an extendible distribution / 
on a manifold with corners X with boundary hypersurfaces (Hi, . . . , H m ) is polyhomogeneous 
conormal (phg for short) at the boundary, with index set £ = (£i, . . . , £ m ), if it is smooth 
in the interior X, conormal (i.e., if it remains in a fixed weighted L 2 space under repeated 
application of vector fields tangent to the boundary of X) and if for each s G K we have 



n n 



\ s.t. 3i(z)<s 



f = o((Y[ Pj y) 
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where Vj is a smooth vector field on X that takes the form Vj = Pjd Pj + O(pj) near Hj. This 
implies that / has an asymptotic expansion in powers and logarithms near each boundary 
hypersurface. In particular, near the interior of Hj, we have 

/= E a {z>p) p Z j{\ogpjf + 0{p^) 

s.t. ?R(z)<s 

for every s G R, where a>u p \ is smooth in the interior of Hj, and is itself polyhomogeneous 
on Hj. The set of polyhomogeneous conormal distributions with index set £ on X with values 
in a smooth bundle F — s> A will be denoted by 

Recall the operations of addition and extended union of two index sets E\ and E2, denoted 
by Ei + E% and EiUE 2 respectively: 

Ei + E 2 = {(ft + /3 2 , Ji + J 2 ) I (ft, jl) G #1 and (ft, j 2 ) G £ 2 } 

£iU£ 2 = £?i U£ 2 U {08, j) I G E 1: (ft j 2 ) € E 2 with j = ji + j 2 + 1}. 

In what follows, we shall write q for the index set {(q + n, 0) | re = 0, 1, 2, ... } for any gGR. 
For any index set E and q G R, we write E>q\i U(J3) > q for all (/?, j) G and if (/3, j) G -E 
and 5?(/3) = g implies j = 0. Finally we say that E is integral if ((3,j) G E implies that /3 G Z. 

On X, the most natural densities are the 6-densities introduced by Melrose [361 137] . The 
bundle 0&(X) of 6-densities is defined to be p~ 1 U(X) where p = Y\j Pj is a total boundary 
defining function and Q(X) is simply the usual smooth bundle of densities on X. In particular 
a smooth section of the 6-densities bundle restricts canonically on each Hj to a smooth 6- 

density on Hj. The bundle of 6-half-densities is simply p~ 2 03(X). 

A natural class of submanifolds, called p-submanifolds, of manifolds with corners is defined 
in Definition 1.7.4 in [38j . If Y is a closed p-submanifold of X, one can define the blow-up 
[X; Y] of X around Y, this is a smooth manifold with corners where Y is replaced by its 
inward pointing spherical normal bundle S + NY and a smooth structure is attached using 
polar coordinates around Y. The new boundary hypersurface is diffeomorphic to S + NY and 
is called front face of there is a canonical smooth blow-down map /3 : \X;Y] — > X 

which is the identity outside the front face and the projection S + NY — > Y on the front face. 
See section 5.3 of [35] for details. The pull-back p* maps continuously C^Ql) to C°°([X; Y]) 
and it is a one-to-one correspondence, giving by duality the same statement for extendible 
distributions. 

Appendix B. Compositions of kernels conormal to the boundary diagonal 

In this section, we introduce a symbolic way to describe conormal distributions associated 
to the diagonal Ag inside the corner of X x X, X x dX, or d X x X. In particular, we 
compare the class of operators introduced by Mazzeo-Melrose (the 0-calculus) to a natural 
class of pseudo-differential operators we define by using oscillatory integrals. We will prove 
composition results using both the push-forward Theorem of Melrose [36] and some classical 
symbolic calculus. We shall use the notations from the previous sections. 



BERGMAN AND CALDERON PROJECTORS FOR DIRAC OPERATORS 



21 



B.l. Operators on X. We say that an operator K : C°°(X) — > C~°°(X) is in the class 
I S (X x X,Aq) if its Schwartz kernel K(m,m') £ C~°°(X x X) is the sum of a smooth 
function £ C°°(X x X) and a singular kernel K s supported near Aq, which can be 
written in local coordinates (x, y, x', y') near a point (0,yo,0,yo) € Aq under the form (here 
x is a boundary defining function on X and y some local coordinates on dX near yo, and 
prime denotes the right variable version of them) 

(24) K s (x,y,x>,y>) = —^—2 [ [ [ e~^-^'-^-y'^a(x, y, x> , y>; £, 

(27r) n +^ y R y R y R „ 

where a is a smooth classical symbol of order s £ 1 in the sense that it satisfies for all 
multi-indices a, a', (3 

\d^d^a(m,m';0\ < C a , Q ^(l + |C| 2 ) S " I/31 

where m = (x,y) E R + x R n and C := etxlxl" The integral in ([MD makes 

sense as an oscillatory integral: we integrate by parts a sufficient number N of times in 
C to get a(m, m'; £) uniformly L 1 in of course we pick up a singularity of the form 

(x 2 + x' 2 + \y - y'\ 2 )~ N by this process but the outcome still makes sense as an element in the 
dual of C°°(X x X). If X is an open manifold extending X, such a kernel can be extended to 
a kernel K on the manifold X x X so that X is classically conormal to the embedded closed 
submanifold Aq. Therefore our kernels (which are extendible distributions on X x X) can 
freely be considered as restriction of distributional kernels acting on a subset of functions of 
X x X, i.e. the set C°°(X x X) which corresponds to smooth functions with compact support 
included in X x X. Standard arguments of pseudodifferential operator theory show that we 
can require that K s in charts is, up to a smooth kernel, of the form 

K s (x,y,x',y') = — ±— [ [ [ e -^-^'-i(y-y')^ y . £ ? , tfd/idtd? . 

Indeed, it suffices to apply a Taylor expansion of a(x, y, x', y'\ Q at Aq = {x = x' = y — y' = 0} 
and use integration by parts to show that the difference obtained by quantizing these symbols 
and the symbols of the form a(y, C) is given by smooth kernels. 

We say that the symbol a is classical of order s if it has an asymptotic expansion as 
C := -> oo 

oo 

(25) a(j/;C)~5>.-i(y;0 

where a,j are homogeneous functions of degree s — j in £. It is clear from their definition 
that operators in I S (X x X,Ag) have smooth kernels on (X x X) \ Aq. Let us consider the 
diagonal singularity of K when its symbol is classical. 

Lemma 26. An operator K s £ I s ~ n ~ 2 (X x X, Aq) has a kernel which is the sum of a smooth 
kernel together with a kernel which is smooth outside Aq and has an expansion at Aq in local 
coordinates (x, y, x', y') of the form 

\R- s T,7= RjKj (y>") if^z, 

(26) K s (x, y, x', y') ~ I R~ s WRi{y, u) + log(fl) E^o W&'Hv, w) if s £ N , 

(R- s (ET=oR jKj (y^) + ^g(R)ET=oR 3K3tl (y^)) -n, 
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where R := (x 2 + x' 2 + \y — y'\ 2 ) 2 , (x, x', y — y') := Rco and & , K^' 1 are smooth. 

Proof. Assume K has a classical symbol a like in (|25|) . First, we obviously have that for any 
N € N, K G C N (X x X) if s < -N. Let us write t = s — n — 2, then we remark that for all y, 
the homogeneous function at-j(y, ■) has a unique homogeneous extension as a homogeneous 
distribution on M n+2 of order t — j if s ^ j — No (see [271 Th 3.2.3]), and its Fourier transform 
is homogeneous of order —s+j. Clearly, K{x, y, x' , y') can be written as the Fourier transform 
in the distribution sense in £ of + -Bat where for N € N 

N 

An(v, C) := ^2 at-j(v, 0, B N (y, Q := a(y, Q - A N (y, Q. 

3=0 

Now \(\- s+N B N (y, C) is in L 1 (d() in |C| > 1 thus 3r^ z {{\ - X (C))B N (y, ()) is in with 
respect to all variables if % G Cg°(IR n+2 ) equals 1 near 0, while the Fourier transform 3~(x-E>jv) 
and ^(xAn) have the same regularity and are smooth since the convolution of ^(x) with 
a homogeneous function is smooth. This implies the expansion of K at the diagonal when 
t <£ Z. 

For the case ( 6 Z, this is similar but a bit more complicated. We shall be brief and refer to 
Beals-Greiner [H Chap 3.15] for more details (this is done for the Heisenberg calculus there 
but their proof obviously contains the classical case). Let us denote 5\ the action of dilation 
by A £ M + on the space §' of tempered distributions on M. n+2 , then any homogeneous function 
fk of degree — n — 2 — k S — n — 2 — No on IR n+2 can be extended to a distribution € S' 
satisfying 

(27) 8 x (fk) = \- n - 2 - h fk + X-™ log(A)P fc 

for some £ §' of order k supported at 0. This element P^ is zero if and only if can be 
extended homogeneous distribution on R n+2 , or equivalently 

(28) / f k (uj)u a duj = 0, Va € N l+2 with \a\ = k. 
Js , "+ 1 

According to Proposition 15.30 of [1], the distribution has its Fourier transform which can 
be written outside as 

J{J k ){Z) = L k (Z) + M k (Z) log \Z\ 

where L k is a homogeneous function of degree k on M n+2 \ {0} and M k a homo geneous 
polynomial of degree k. Thus reasoning as above when t ^ Z, this concludes the proof. It can 
be noted from (|28p that in the expansion at Ag in (|26p . one has iP' 1 = for all j = 0, . . . , k 
for some k € N if the symbols satisfy the condition 

(29) / a- n -2-j(y,u)u a duj = 0, Va£ N^ +2 with |a| = j 
Js , "+ 1 

for all j = 0, . . . , k and all y € M. Using the expression of the symbol expansion after a change 
of coordinates, it is straightforward to check that this condition is invariant with respect to 
the choice of coordinates. □ 

A consequence of this Lemma (or another way to state it) is that if K E P~ n ~ 2 {X x X, Ag) 
is classical, then its kernel lifts to a conormal polyhomogeneous distribution on the manifold 
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with corners X Xq X obtained by blowing-up Aq inside X x X and 

' p s s C°°(X x X) ifagZ, 
(30) P*K <EC°°(X x X)+ J p ff s C oo (Xx X) + log(p ff )C oo (Xx X) ifsGNo, 

k Ps 8 (C°°(X x X) + log( Pff )C 00 (X x X)) if s G — N. 

Therefore I s (X x X, Aq) is a subclass of the full 0-calculus of Mazzeo-Melrose |35j . in par- 
ticular with no interior diagonal singularity. Let us make this more precise: 

Lemma 27. Let £ G — N, then a classical operator K G I (X x X, Aq) with a local symbol 
expansion ([25]) has a kernel which lifts to /3*K G p^~ n - 2 C°°(X x X) + C°°(X x X) if 
the symbol satisfies the condition ([29]) for all j G No- Conversely, if K G C~°°(X x X) is a 
distribution which lifts to f3*K in p^~ n ~ 2 C°°(X x X) + C°°(X x X), then it is the kernel 
of a classical operator in L~ n ~ 2 {X x X, Aq) with a symbol satisfying (|29p for all j G No- 

Proof. Let us start with the converse: we can extend smoothly the kernel f3*K to the blown- 
up space [X x X, Aq] where X is an open manifold extending smoothly X. Then the extended 
function has an expansion to all order in polar coordinates (R, uj) at {R = 0} (i.e., around 
Aq) where R = (x 2 + x' 2 + \y — y'\ 2 )^ and Rui = (x,x',y — y') 

k 

K(x,y,x',y') - R~ l ~ n ^K\y, u) G C k (X xX), VA: G N 

3=0 

for some smooth K 3 , in particular using Fourier transform in Z = (x,x',y — y') one finds that 
for all k G N, there exists a classical symbol a k (y,() 

K(x,y,x',y') - — J ^Wic^d,;^,^^ G C k (X x X) 

with a k being equal to X^j=o a j (Vi wnen ICI > 1 f° r some homogeneous functions a k of degree 
I — j. Moreover, the a k can be extended as homogeneous distribution on M n+2 since they 
are given by Fourier transforms of the homogeneous distributions K 3 (y, Z) in the variable Z. 
Using that a homogeneous function on M n+2 \{0} which extends as a homogeneous distribution 
on R n+2 has no log A terms in (|27p , or equivalently satisfies (|28p , this ends one way. 

To prove the first statement, it suffices to consider the kernel in local coordinates and locally 
f3*K has the structure ([30]) with no log(pg) if the local symbol satisfies ([29]) . Notice that 
having locally the structure pg S C°°(X x X) for a function is a property which is independent 
of the choice of coordinates. But from what we just proved above, this implies that in any 
choice of coordinates the local symbol satisfies (|29p . □ 

We shall call the subclass of operators in Lemma [27] the class of log-free classical operators 
of order i G -N, and denote it lf { (X x X, Aq). 

For (log-free if s G — N) classical operators in I s (X x X,Aq), there is also a notion of 
principal symbol which is defined as a homogeneous section of degree s of the conormal bundle 
N*Aq: if a has an expansion a(y, Q ~ Yl'jLo a s-j(lJi as C — * 00 with a s -j homogeneous of 
degree s — j in £, then the principal symbol is given by o~ pr (K) = a s . The principal symbol 
is actually not invariantly defined if one considers K as an extendible distribution on X x X 
: if a(y, £) and a'(y, £) are two classical symbols for the kernel K, then if Z = (x, x' , z) 

3'^z(a s (y, C) — of s (y, £)) = when x > and x > 0, 
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thus it is denned only up to this equivalence relation. 

To make the correspondence with the O-calculus of Mazzeo-Melrose [35] , we recall that the 
normal operator of an operator K G C°°{X XqX) is given by the restriction to the front face: 
if y G Aq, N y (K) := K\$ where ff^ is the fiber at y of the unit interior pointing spherical 
normal bundle S + N Aq of Aq inside X x X, then we remark that the normal operator at 
y G Aq of an admissible operator K G I^ n ~ 2 (X x X;Aq) is given by the homogeneous 
function of degree on M+xl+x R n ~ fi y x R + 

N y (K)(Z)=^ z (a pr (K)(y,C)). 

B.2. Operators from X to dX and conversely. We define operators in I s (X x dX, Aq) 

and I s {dX x X, Aq) by saying that their respective distributional kernels are the sum of a 
smooth kernel on X x dX (resp. dX x X) and of a singular kernel K s G C~°°(X x dX) (resp. 
L s G C~°°{dX x X)) supported near Aq of the form (in local coordinates) 

K s (x,y,y') = —^— T ( e-^y-y>a(y'^,f,)d^ 

(31) 1 *\ \ 

with a and b some smooth symbols 

\d^a( y ,o\ < c a MO s ~ wl , K$Kv,0\ < CaAO'-w 

for all a, j3. We shall say they are classical if their symbols have an expansion in homogeneous 
functions at £ — > oo, just like above for operators on X. It is easy to see that such operators 
map respectively C°°(X) to C°°(dX) and C°°(dZ) to Cr°°(X) n C°°(X). 
Using the exact same arguments as for operators on X, we have the following 

Lemma 28. Let I G — N, then a classical operator K G I (X x dX, Aq) with a local symbol 
expansion a(y, £) ~ X^^=o a -"--i- 

j{y,C) has a kernel which lifts to j5\K G p s e n 1 C°°{X x 

dX) + C°°(X x dX) if 

(32) / a- n -i-j(y,u)u) a du = 0, Va G N^ +1 with \a\ = j 
Js n 

for all j G No- Conversely, if K G C~°°{X x dX) is a distribution which lifts to f3\K 
in pg £ ~ n ~ 1 C ao (X Xq dX) + C°°(X Xq dX), then it is the kernel of a classical operator in 
I (X x dX, Aq) with a symbol satisfying (|29p for all j G No- The symmetric statement holds 
for operators in I (dX x X,Aq). 

We shall also call the operators of Lemma [28] log-free classical operators and denote this 
class by l[ { (X x dX, Aq) and l( f (dX x X, Aq). 

Notice that, since the restriction of a function in C°°(X XqX) to the right boundary gives a 
function in C°°{X Xq8X), we deduce that an operator I~ n ~ 2 (X x X, Aq) satisfying condition 
(|29p induces naturally (by restriction to the boundary on the right variable) an operator in 
I~ n (X x 8X,Aq) satisfying (|32|) . This can also be seen by considering the oscillatory 
integrals restricted to x' = but it is more complicated to prove. 
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B.3. Compositions. We start with a result on the composition of operators mapping from 
X to M with operators mapping M to M or M to X. This is will be done using the push- 
forward theorem of Melrose |36t Th. 5] 

Proposition 29. Let A : C°°(M;°S ® fis) -> C°°(M;°S <g> fis) 6e a pseudo- differential 

operator of negative order with lifted kernel in A^^(M Xq M; £ fi^ )■ £et B : C°°(X; °S ® 

-)■ C°°(M; °S(g)Q5) &e an operator with lifted kernel in A^f lh (M x X; £ r ®ftf ) and Ze£ 

C : C°°(M; °S®fit)^ C~°°(X; °S <g> Of) 6e an operator with lifted kernel on A^f lh (X x 
i 

M; £j ® ) . T/ien i/je Schwartz kernels of AoB and C o B lift to polyhomogeneous conormal 
kernels 

k A oB G A^«f* (M x X; £ r <8> n| ) , fc CoB G A^ lh ' Ilh (X x X; £ ® o| ) 

and i/ie index sets satisfy 

Tl Tl Tl 

H a = (E s + F ff + -) U (F rb + -), ff rb = F rb U (F ff + -) 

Tl Tl Ti Tl 

Is = (F s + G s + -)U(F Th + G lh + -), / lb = G lb D(G ff + -), I rb = F rb D(F ff + -). 

Proof. The proof is an application of Melrose push-forward theorem. Let us discuss first the 
composition AoB. We denote by A both the diagonal in M x M and the submanifold 
{(to, m') G M x X;m = m'}, by (TTj)j = i cr the canonical projections of M x M x X obtained 
by projecting-off the j factor (here l,c,r mean left, center, right), and let 

A 3 := {(to, to', to") G M x M xX~;m = rri = m"}, A 2J = ^(A) for j = I, c, r. 

The triple space M Xq M Xq X is the iterated blow-up 

(33) M x M x X := [M x M x X; A 3 , A 2>u A 2 , C) A 2>r ]. 

The submanifolds to blow-up are p-submanifolds, moreover A3 is contained in each A 2 j and 
the lifts of A 2 j to the blow-up [M x M x X; A3] are disjoint. Consequently (see for instance 
|24[ Lemma 6.2]) the order of blow-ups can be commuted and the canonical projections ttj 
lift to maps 

Pi : M x M x X M x X, /3 C : M x M x X ^ M x X, (3 r : M x M x X -> M x M 

which are 6-fibrations. The manifold M Xq M Xq X has 5 boundary hyper surf aces, the 
front face &' obtained by blowing up A3, the faces If, cf, rf obtained from the respective 
blow-up of A 2 1, A 2jC , A2,r and finally the face rb' obtained from the lift of the original face 
M x M x M C M x M x X . We denote by pf a smooth boundary defining function of the face 
/ G {ff', rf, cf, If, rb'}. If k A and ks are the lifted kernel of A and B to respectively M Xq M 
and M Xq X then it is possible to write the composition as a push-forward 

kAoB-P = /?e* (PrkA-PlkB-Plp) 

1 

if p G C°°(M Xq X; £ r <S> An easy computation shows that a smooth b-density u on 

M x M x X lifts through /3 to an element 

P*u> G pp( P M p l{ p c{ ) n C°°(M x M x X; n 6 ) 
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so by considering the lifts through fii, {3 C , j3 r of boundary defining functions inMxoX, MxqX 
and X XqX respectively we deduce that there is some index set K = {Kg, K rh ', Kg, K r f, K c f) 
such that 

fikA.ftkB.ftn G .Aphg(M x M x X; Q b ), 

fl Th Th Th 

Kg = Eg + F ff + -, K rW = F rh , K lt = F s +-, K xi = E S +-, K cf = F rh + -. 
Then from the push-forward theorem of Melrose [36\ Th. 5], we obtain that 
(P c )*(ftkA.ftk B .ftfi) €E (M X X,fi 6 ), 

71 fl fl 

H s = {E s + F S + -)U (F rb + -), H rh = F Th U {F s + -) 

and this shows the first composition result for A o B. Remark that to apply [361 Th.5], we 
need the index of K T f > 0, i.e., Eg + n/2 > 0, but this is automatically satisfied with our 
assumption that A is a pseudodifferential operator of negative order on M. 

The second composition result is very similar, except that there are more boundary faces 
to consider. One defines A3 := {{m, m', m") £ X x M x X;m = ml = m"} and let 

A2 j = {{mi, m c , m r ) G X x M x X; rrn = if j ^ {i, k}} 

similarly as before. The triple space is defined like f|33[> . it has now 6 boundary faces which we 
denote as in the case above but with the additional face, denoted lb', obtained from the lift 
of the original boundary M x M x X . The same arguments as above show that the canonical 
projections from XxqMxqX obtained by projecting-off one factor lift to b-fibrations j3 r , j3\, f3 c 
from the triple space to 1 Xo M, M Xq X and X Xq X. Like for the case above, one has to 
push-forward a distribution ftkc -ftkB-ftn, and a computation gives that there is an index 
set L = {Lg,L rh i, L lh >, Lg, L r f, L c f) such that 

ftk c .ftk B .ftfi G A% hg (X x M x X; n b ), 

Th 

Lg = Fg + Gfj + — , L rh t = F rh , L lh i = Gib, 

and by pushing forward through /3 C using Melrose [36|. Th. 5], we deduce that the result is 
poly homogeneous conormal on X Xq X with the desired index set. □ 

In order to analyze the composition K*K in Subsection 13. 2\ we use the symbolic approach 
since it is a slightly more precise (in terms of log terms at the diagonal) than the push- forward 
Theorem in this case, and a bit easier to compute the principal symbol of the composition. We 
are led to study the composition between classical operators K and L where K : C°°{X) — > 
C°°{dX) is an operator in I^QC x dX) and L : C°°{dX) -»■ C°°(X) is in I-\dX xl). We 
show 

Lemma 30. Let K G I" 1 {X x dX) and L G I~ 1 {dX x X) with principal symbols (tk{v', £ 5 m) 
and (Tl{v'i m)- The composition LoK is a classical pseudodifferential operator on dX in the 
class L o K G ^~ l {dX). Moreover the principal symbol of LK is given by 



(34) a pr {L o K){y; n) = (2vr) / a L {y; -x, n).a K {y;x, y)dx. 

Jo 

where a denotes the Fourier transform of a in the variable £. 
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Proof. Since the composition with smoothing operators is easier, we essentially need to un- 
derstand the composition of singular kernels like (|3ip . Writing the kernel of K and L as a 
sum of elements Kj , Lj of the form ()3ip , we are reduced to analyze in a chart U 

L i K if(v) = (27r) 2n+2 / e 4 ^'-« )+ ^'-^^ 

where dQ := dy' dx' d^d^' dfidfj,' , % S Cq°(U) and a, 6 are compactly supported in £7 in the y 
and y" coordinates. If U intersects the boundary dX, then x is supported in x' > 0. The 
kernel of the composition LjKj in the chart U is then 

F(y,y") = / e fa '«'-«^^'-^^^6( 1 ,;^ l /x)x(x , ,y , )o(i/ , ;e,/i')rfn 

where 



c (y> y"; m) == ^T2 / Kv; e 7 , /W; £, m - m0*(£ - n'Wdtd?. 

We want to prove that c(y, y"; /i) is a symbol of order —1 with an expansion in homogeneous 
terms in /i as /x — > oo. We shall only consider the case where U n dX ^ since the other case 
is simpler. First, remark that in U the function x can be taken of the form x{ x i u) = l f( x )' t P(y) 
with if) G Cg°(K n ) and <p G C§°([0, 1)) equal to 1 in [0, 1/2], therefore x(£,/i) = 0(0^00 with 
■0 Schwartz and by integration by parts one also has 

0(0 = ^(1 + ^(0)- 

with Schwartz. We first claim that \dydy„d^c(y, y"; fi)\ < C(f-i)^ 1 "^ uniformly in y,y": 
indeed using the properties of x an d the symbolic assumptions on a, b, we have that for any 
N S> |/3|, there is a constant C > such that 

|^„^ C (y,/;/x)| 

(rT^n(ir^) 1+ V«-V>--'W 



< c 



where j + k = Using polar coordinates i£ + £' = re l8 in C ~ BL 2 , the integral above is 
bounded by 

r / i \ i+* / i \ i+j i 

q I I ] / ) rdrdO 

J VI + r| cos((9)| + V 1 + r| sin0| + 1 + r\ cos — sin 6\ 

which, by a change of variable r — > rj/ij and splitting the integral in different regions, is 
easily shown to be bounded by C(/.i)~ 1 ~' /3 L 

To prove that LK it is a classical operator of order —1 (with an expansion in homogeneous 
terms), we can modify slightly the usual proof of composition of pseudo-differential operators, 
like in Theorem 3.4 of |22j . Let 6 G Cq°(R) be an even function equal to 1 near 0. We write 
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for fj, = Xlo with uj € 5 n_1 



with 

X n+1 



(2tt)™+ 2 

A n+1 



e- iX *'^ a °- s x(x', y" - s)b(y; Au;)a(y"; + AC, A(w + a))dlM£' 
r e- lA ^- iACT -V(z'MCM/ - «)6(y; A^)a(y"; £' + AC, A( W + a))d(ld^' 

\n+l /• 



(2tt)™+ 2 

(2^)™+ 2 ., 

x 6(y; f, Aw)a(y"; £' + AC, A(w + a))dQd^' 
=■ ci{y,y"\n) + c 2 (y,y";fj.) 

where = (cr, s,(,,x'). Let us denote the phase by <3? := x'C + cr.s. The last integral can be 
dealt with by integrating by parts in x': 

C2(y,y";v) 

:A V(z') (1 ~ g)(C W ' - s)b(y; A^)a(y"; £' + AC, A(w + a))^' 



(35) " i(2vr)"+ 2 7 ^ v ; C 

+ . (2 ^" n+2 / e~ a °- s (1 ~ c g)(C) ^(y" - s)b(y; \u)a(y"; £ + AC, A(a; + a))dadsd(;d£ '. 

We can extend tp 1 = d x (p by on (— oo,0] to obtain a Cg°(K) function which vanishes near 
0. Since <ff now vanishes near 0, one easily proves that the first integral in (|35p is a 0(A~^) 
for all TV, uniformly in y,y" by using integrations by parts N times in x' and d x '(e~ lXx '^) = 
—i\(,e~ lXx Now for the second integral in (|35p . we use stationary phase in (cr, s), one has 
for any N € N 



-iXu.s „u „.!/ 



(i-*)(0 



- s)- C', A^)a(y"; £' + AC, A(w + a))W S 



= (2vr)" 1 PjlU ( ^ _^(y>(y;e / ,/i)^a(y'';e / + AC,^) + S A r(y,y'';e / ,C,/i)) 

|a|<JV 

with [Sjv(2/,3/";f',C,AOI < C<(^', / u))~ 1 <(^ / + |/j,|C, Ai)) _1_Jv . Now, both a and 6 can be written 
under the form a = ajy + cih and b = b^ + b^ where ajv(y; £, A 4 ), &jv(y; £, A*) are bounded in norm 
by C((£, l^))~ N and a,h(y;£, fi),bh(y,€, are finite sums of homogeneous functions a^ J ,b^ J 
of order — j in > 1 for j = 1, . . . JV — 1. Replacing a, b in ([36]) by their decomposition 

a-N + CLh and &at + bh we get that c(y,y",/i) is the sum of a term bounded uniformly by 
C{n)~ N+2 and some terms of the form 

1 — 0(C) u—jf... &i ..\aoi„i.f„Ji\Q(x„—kf„ji. d 



c 



V (y; ^^(/)««r(!/"; £' + AC, 
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The integral is well defined and is easily seen (by changing variable £' — > A£') to be homoge- 
neous of order — k — j — |a| + 1 for A = \fj,\ > 1 . This shows that C2(y, y"; n) has an expansion 
in homogeneous terms. It remains to deal with c\. We first apply stationary phase in the 
(cr, s) variables and we get 

Cl ( y ,y"; M ) =7 A_ £ ^£>W) / e~ iXx ' ^b{y , fi)(p(x')6(C)d^a(y"; £' + AC, fi)dx' d£' d( 

|c*|<iV 

+ / ip(x')S' N (y,y";g n)d£'d(dx' 



for some S^y which will contribute 0(A _Ar_2 ) like for C2 above. Decomposing a(y,C,/i) and 
6(y, £, /i) as above in homogeneous terms outside a compact set in (£, //), it is easy to see that 
up to a 0(\~ N ) term, we can reduce the analysis of ci(y,y";fi) to the case where a, b are 
replaced by terms a^ J , b~^ k homogeneous of orders — j, —k outside compacts. We then have 



(37) 



e- lXx ' C b- j (y, vMx'nOd^iy"; £' + AC, fi)dx'd^dC 

A^- fe - W+ 1 1 e~ iA * V' (y, u;Mx>)6(C)d^ k (y"; £' + C, u^'d^C 
and we write by Taylor expansion at C = 

(38) e{Qd«a- h k (/; £' + = 9(0^% k (y"; ?,u) + C*(C W, C, 

for some a'(y"; C, /^) smooth in y" and homogeneous of degree —k — 1 in |(£, C, A*)l > 1- For 
the term with a', we have by integration by parts in x' 

Ce- lXx '% j (y, u;Mx>)e(()d°a>(y"; C, ^dx'd^'dC 

(39) = (t\y l J e- lXx '^\x>)b-J(y,t\u J )9(()d«a\ y "-Z\(,u J )dx'dZ'd( 

+ (i\r 1 [ b-\y,Z\u)e(Od°ta'(y";t',(,uj)dt'd( 



and the first term is 0(\~°°) by non-stationary phase while the second one is homogeneous 
of order —1 in A (the integrals in all variables are converging). It remains to deal with the 
first term in (J38j) , we notice that 6 is even and so 



ip(x')e~ iXx '^9(C)dx'dC = A" 1 / §(x')<p(x' /\)dx' = \~\ - / §(x')(l - <p(x' / \))dx' . 



Since 6 is Schwartz, the last line clearly has an expansion of the form irX" 1 + 0(A~°°) for 
some constant C, and combining with (|39|) . we deduce that (|37|) is thus homogeneous of 
degree \~i~ k ~ l modulo 0(A°°). This ends the proof of the fact that KL is a classical pseudo- 
differential operator on M. 

Now, we compute the principal symbol. According to the discussion above, it is given by 

- i(2ir)~ 2 j 1 (a L {y- - 9(Q)* K (v, £' + C, m) + 0(C)C<4G/; C, m)) « 
+ (2vr)^ 2 vr y a L (y,g , fi)a K (y;t' , ^H' 
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where C°iir(y> £'> Cj A 4 ) := a K(y,£,' + CjA 4 ) ~~ a K(y', A*)- It is straightforward to see that this 
is equal to (|34p by using the fact that the Fourier transform of the Heaviside function is the 
distribution tt5 — Notice that the integral (|34|) makes sense since (Jk-,&l are L 2 in the £' 
variable. □ 
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